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Evaluation of the bit error rate for general M-ary quadrature amplitude
modulation (M-QAM) in Nakagami-m fading channels is presented.
The analysis considers real values of the Nakagami fading parameter
m, and bit-to-symbol mapping that is not necessarily Gray.
Analytical and simulation results are compared to illustrate the accu-
racy of the analysis, taking as examples non-Gray mapped 16-QAM
and 32-cross-QAM constellations.

Introduction: Bit error rate (BER) represents a reference metric widely
used in the performance evaluation of M-ary quadrature amplitude
modulation (M-QAM). In this context, BER analysis generally considers
square M-QAM constellations and Gray coding for the mapping of bits
into symbols. Indeed, considering general M-QAM, few studies pre-
sented exact closed-form expressions for the BER, and only environ-
ments with AWGN, Rayleigh fading, or Nakagami-m fading with
integer m were therein considered. For instance, a BER analysis in
AWGN channel considering M-QAM with arbitrary mapping was pro-
vided in [1], and a symbol error probability (SEP) analysis of rectangular
M-QAM assuming Gray coding and Rayleigh fading was presented in
[2]. Considering Nakagami-m fading, on the other hand, the SEP of
general order rectangular QAM was recently evaluated in [3] for
integer values of the Nakagami parameter m. Recently, analysis
applied to rectangular QAM considering m ¼ kþ 1/2, where k takes
integer values, was presented in [4, 5]. In this Letter, we present analyti-
cal formulation for the BER considering general M-QAM, square or rec-
tangular and not necessarily Gray coded, over Nakagami-m fading
channels with arbitrary real parameter m � 1/2. The analysis is also
applied to the 32-cross-QAM case. The latter modulation was recently
considered in [6] where exact expressions for the SEP in slow
Nakagami-m fading channels were presented. However, only integer
values of m were considered in [6]. In this Letter, we extend our analysis
for general QAM to the case with 32-cross-QAM and evaluate the BER
when the Nakagami fading parameter is not necessarily an integer.

BER evaluation: Consider transmission of an M-QAM signal over a
Nakagami-m fading channel. The transmitted symbols are denoted by
s ¼ srþ jsi and the decoded ones by ~s ¼ ~sr þ j~si. Let dr and di denote
the minimum distances in the real (r) and imaginary (i) dimensions,
respectively, and dH(s, ~s) be the Hamming distance between the code-
words corresponding to symbols s and ~s. The average BER is given by
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where S denotes the constellation, j . j indicates the absolute value oper-
ator, d~s is equal to one if the symbol is located on the border of the con-
stellation and equals zero otherwise, the Gaussian Q(.) function is
defined by Q(t) ¼ 1/

p
2p

Ð
t
1 e 2u 2/2du, and f (m, g) ¼ (1/G(m))

(m/V)m gm21 e 2mg/V is the PDF of the SNR g for the Nakagami
channel with fading parameter m � 1/2, corresponding to a gamma dis-
tribution, where G(.) is the gamma function and V is the average fading
power. As observed, the BER expression (1) involves integral terms of
the form
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where a1, a2 [ R. To the best of the authors’ knowledge, there is no
closed-form representation of (3) that accounts for real values of m [2,
3, 6, 7]. In this Letter, we present a closed-form solution for this integral
considering real-valued m. This is a useful result, which can also be used

in other contexts of BER and SEP analysis, such as in schemes with
iterative demodulation methods [8] and cross-QAM constellations.

Theorem 1: A closed-form solution for the integral I(a1, a2) consider-
ing that m can take arbitrary real values not less than 1/2 is given by
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where 2F1(a, b; c; x) is a Gauss hypergeometric function and F2(a, b,
b0; c, c0; x, y) is an Appell hypergeometric function [9].
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Thus, (3) can be rewritten as
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The function erf(.) can further be written in terms of a hypergeometric
function as [10, eqn. (7.1.21)]:
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where 1F1(a; b; t) is also known as Kummer’s function of the first kind,
and is defined as the series 1F1ða; b; tÞ W S
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substituting (9) into (7) yields
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which, making use of the unilateral Laplace transform defined by
L½gðtÞ�ð pÞ ¼
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Then, based on the Laplace table [11, eqn. (3.35.1.2)], we have
L½gm1F1ða; b;vgÞ�ð pÞ ¼ ðGðmþ 1Þ=pmþ1Þ2F1ða;mþ 1; b; ðv=pÞÞ
where Re½m� . �1;Re½ p�;Re½ p� v� . 0. Accordingly, (11) can be
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reformulated as
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Now in order to compute f3(a1, a2), we follow the same procedure as
the one used for f2(a). Indeed, by using (9) in (8), the latter can be
expressed as
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In this case, we use the following Laplace transform [11, eqn.
(3.35.7.1)]:
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Finally, using (5), (6), (12) and (14), the integral I(a1, a2) can be written
in closed-form as shown in (4).

The Gauss’s hypergeometric function 2F1 is implemented in standard
softwares such as Matlab, Maple and Mathematica. Moreover, the
Appell hypergeometric function F2 can be implemented using F2(a, b,
b0; c, c0; x, y) ¼ Sk¼0

1 ((a)k (b)k/k!(c)k) x k
2F1 (aþ k, b0; c0; y) [12],

which can further be simplified when b ¼ b0 ¼ 1 considering that
(b)k ¼ k! and (b0)n ¼ n!. Derivation of (1) can then be directly
deduced considering (2) and using the closed-form expression for the
integral (3) as given by (4). The latter result can also be applied for
cross-QAM modulations. In particular, in the 32-cross-QAM case, the
SER can be expressed as Pe ¼ ð1=32Þ½4I1ð1=
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Nakagami fading channels with real m can also be formulated using
these expressions (I1(a) and I2(a)) and making use of the same error
decision regions as in [6, 7]. Derivation of these integrals can easily
be obtained from the above analysis. Indeed, using (6) and (12), I1(a)
can be expressed as
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and I2(a), being a special case of (3), can directly be obtained using
I2(a) ¼ I(a, a) in (4).

Numerical results: To show the accuracy of the proposed formulation
for the BER, simulations were conducted considering two schemes,

square 16-QAM with non-Gray mapping and 32-cross-QAM, and several
illustrative values for the Nakagami fading parameter 1 � m � 10.
Fig. 1a and Fig. 1b illustrate the accuracy of our analytical results,
which match almost perfectly the simulation results for the whole
range of simulated SNR.

0100

1101

1110

1000

0111

0010

0001

1011

1010

0011

0000

0110

1001

1100

1111

0101

–3d –d +d +3d

–3d

–d

+d

+3d

I

Q
00000 00001

0001000011

00100

00101

00110

00111

01000

01001

01010

01011

01100

01101

01110

01111

10000

10001

10010

10011

10100

10101

10110

10111

11000

11001

11010

11011

1110011101

11110 11111

Q

I+d +3d

–3d

–d

+d
+5d–d–3d–5d

+3d

–5d

+5d

0 5 10 15 20 25
10–7

10–6

10–5

10–4

10–3

10–2

10–1

1

SNR, dB

B
E

R

m = 1
m = 1.8

m = 2.5

m = 3.2

m = 4

m = 7.7

m = 10

analysis
simulation

analysis
simulation

a

10–5

10–4

10–3

10–2

10–1

0 5 10 15 20 25
SNR, dB

m = 1
m = 1.8

m = 2.5
m = 3.2

m = 4
m = 7.7

m = 10

1

b

Fig. 1 Comparison between analytical and simulation results, considering
different values for the Nakagami parameter m

a 16-QAM
b 32-cross-QAM

Conclusions: A BER analysis for general M-QAM considering
transmission over Nakagami-m fading channels with real-valued
parameter m � 1/2 is presented. In particular, a closed-form solution
for an integral involved in the analysis, which is also useful for other
wireless communication applications, is presented. The integral is
expressed in terms of the hypergeometric function 2F1 and the Appell
function F2, which can easily be evaluated using common numerical
software.
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